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Abstract 

We consider, in normal-gauge Lyra's geometry, evolution of a homogeneous isotropic universe in a grav- 
itational model involving only the standard matter in interaction with a displacement vector field (j)^. 
5-H ' Considering both constant and time-dependent displacement vector field we show that the observed cosmic 

acceleration could be explained without considering an alien energy component with a negative pressure. 
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INTRODUCTION 



There is increasing evidence from recent cosmic observations of Type la Supernovae 



^ ^ Large 

Scale Structure (LSS)[3-8| and Cosmic Microwave Backg round(CMB)[g|-l]J] that the universe is 
undergoing an accelerated expansion at the present stage. This phenomenon indicates that the 
universe at present is dominated by a smooth energy component, dubbed "dark energy", with a 
negative pressure that counteracts the gravitational forces produced by ordinary matter species, 
such as baryons and radiation, leading then to an accelerated expansion of the universe. Despite 
many years of research and much progress, the nature and the origin of dark energy have not been 
confirmed yet. 

Obviously, the best and simplest candidate for such dark energy is the so-called cosmological 
constant (CC) A which was introduced by Einstein into his gravitational field equations in an ad 

problems 



IMm- In 



hoc fashion. However, CC explanation for dark energy usually faces some fundamenta 
in physics, namely the fine-tuning problem and notably the cosmic coincidence puzzles 
particle physics, the CC is often interpreted as the energy, Pvact of the Quantum vacuum, which 
is close to the Planck density Mj, {Mp = 1/\/8ttG is the reduced Planck mass) in magnitude. 
The observed value of the dark energy density is much less than that of the quantum vacuum, 
Pobs ~ 10"^^'^ 

Pvac- Suppressing this great difference of about 123 orders of magnitude between the 
observed value of dark energy and that estimated from quantum field theory requires some severe 
fine-tuning mechanisms to work 



1614221]. On the other hand, even if this fine-tuning problem could 
be evaded, the non-dynamical behaviour of the quantum vacuum energy renders the coincidence 
problem unsolved. Attempting to alleviate these two fundamental problems and to explain the late- 
time cosmic acceleration, many plausible dynamical models, such as quintessence ( 231] . phantom 



2i, 



26]. tachyon 27 ], holographic 28, 29], agegraphic [30], hessence 



311 ] ■ Chaplygin 



33| . etc., have been proposed (see also Review article [ij] and 



2511 . k-essence 
gas [32'], Yang-Mills condensate 
references therein). 

A different approach to explain the observed accelerating universe with models involving only 
the standard matter is a plausible modification of the Einstein gravitational field equations . Such 
a modification can arise, either by extending the Einstein-Hilbert action to a more fundamental 
theory (/(i?) theories of grav ity 



case, a Lyra's geometry 



34 



-38j]) or by modifying the Riemannian geometry. In the latter 
39l44ll|. which bears a close similarity to Weyl's geometry {42] and is 
propounded in order to unify gravitation and electromagnetism into a single space-time geometry, 
got lots of interest. Indeed, in contrast to Weyl's geometry, the connection in Lyra's geometry is 
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metric preserving, as in Riemannian geometry, and length transfers are also integrable. In addition, 
theories of gravitation, that have been constructed in the framework of Lyra's geometry with both 
a constant and a time-dependent displacement vector field, involve scalar fields and tensors that 
are all intrinsic to the geometry 



4C 
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43146 Ol|. On the other hand, as shown in 40j, [43] these 



theories predict the same effects within observations limits, as far as the classical Solar System, 
as well as tests based on the linearised form of the field equations, and are free of the Big-Bang 
singularity and solve the entropy and horizon problems, which beset the standard models based 
on Riemannian geometry. 

In the present work, we consider a pressureless matter in interaction with the displacement 
vector field. As pointed out in |6(|], we will see that, in the absence of a pressureless matter 
the displacement vector field alone could not be considered as a cosmological constant (term) 
but rather a stiff fluid, because the associated equation of state is a;^ = +1 and not Wcc = — 1- 
Meanwhile, interacting with the pressureless matter, the displacement vector can play the same 
role as a cosmological constant (term), establishing therefore the intrinsic geometrical origin of the 
cosmological term. Subsequently, it is shown that the observed accelerating universe can occur 
without considering an alien energy component with a negative pressure. 

The outline of the paper is as follows. In Sect. II, firstly we derive the ACDM model from a 
model containing the standard matter and a constant displacement vector field, and secondly we 
focus on a time-dependent vector field that yields a variable cosmological term and drives then an 
accelerating universe. A summary of the results and the conclusions are presented in Sect. III. 
Throughout the paper we adopt the Planck units c = h = = 1 and use the space-like metric 
signature (—,+,+,+). 



II. COSMIC ACCELERATION IN NORMAL-GAUGE LYRA MANIFOLD 

The Einstein gravitational field equations in normal gauge for a four-dimensional Lyra manifold, 
as obtained by Sen {4^ are 

Gf^ii/ — Tf^i/ + Tfiui (1) 

where 

%u = -1^ (^4>fi(pu - ^g/iuM^^ , (2) 

is the stress-energy tensor associated with the displacement vector field cp^, i.e., arising as an intrin- 
sic geometrical energy-momentum tensor, whereas T^jy represents a perfect fluid energy-momentum 



tensor defined by 

T^,u = {v + P) Ufj-Uu + pgfiu- (3) 

= (1,0,0,0) is the 4-velocity of the comoving observer, satisfying u^u^ = —1, p and p = u^p 
with < < 1 are the background energy density and pressure, respectively. In this paper we 
shall consider a homogeneous time-depending time-like displacement vector 

(/.^ = ((/.(t), 0,0,0) (4) 

With these assumptions the (0, 0) and (i, j)-components of Eq. ([1]), in the flat Friedmann-Lemaitre- 
Robertson- Walker background ds'^ = —dt^ + a^dx^, where a = a{t) is the scale factor of an 
expanding universe, may be written 

?,H^ = p-^^cl,\t) = p,ff, (5) 
-{2H + ?,H^)=ujf,p--^4>\t)=Peff, (6) 

where an overdot denotes differentiation with respect to the time coordinate t and H = a/a \s 
the Hubble parameter. In the above equations we can recast the pressure and energy density of 
the displacement vector in the forms Pcf, = Pif, = — |<^^(i)) giving a constant equation of state, 
LO(f, = +1, of a stiff matter. This proves that the displacement vector alone cannot be considered as 
a cosmological constant which, by contrast, has an equation of state Wcc = ~1- In the following, we 
set 6 = (j)'^ and refer to 6 as displacement field. Thus, arguing the displacement field is a geometrical 
energy component contributing to the total energy and interacting with the standard matter, we 
will show that the displacement vector can play the role of a cosmological constant (term). In this 
context we consider both a constant and time-dependent displacement vector field. 

A. Constant Vector Field and Cosmological Constant 

Considering a constant vector field cp'^ = cpQ = 6q and starting with a background fluid with a 
constant equation of state Uj, the Friedmann equations translate into 

3H^ = p-^eo = p,ff, (7) 

2H + 3H^ = -ojbP+^eo = -Pef f . (8) 

Resolving the continuity equation of the effective energy density, dpeff/dx + ^{peff + Peff) = 
where x = In a is the e-folding number, one obtains 



= /,e// = fce-3(i+-^)- + \\-^e,, (10) 

4 1 + (jfe 
3 1 — cjf, 



p^jj = u:,ke--'^^^-^>-l^9,, (11) 

4 1 + (jf, 



whence we can compute the effective equation of state as follows 



with 



3 1 - Wft 6*0 , s 



Hence the effective equation of state varies from at x — >• — cxd to ojcx: = — 1 at x — t- +oo. 

Considering now a pressureless matter cj;, = 0, Eqs. (f9l)- (fTT]) reduce to the ACDM-like model 

p = ke-^- + le,^ (14) 

3i?2 = p^^^ = A;e-3- + ^eo, (15) 

3 

Peff = -4^0- (16) 

From Eq. (jl4p we say that the pressureless background fluid p is the contribution of two terms: 
the cold dark matter (CDM) and a gain of energy e = from a modification of the Riemannian 
manifold by the presence of a vector field in the geometrically structureless manifold. On the other 
hand, Eq. (jlSp shows that the effective energy density is also a sum of two terms, namely the 
CDM and a contribution from the displacement field, e = \6q. Since the effective pressure ()16p 
is the contribution of the displacement field only, one finds that through the conservation of the 
total energy density the equation of state for the displacement field becomes w^-,^^ = pe///e = — 1- 
In this case the displacement field (vector) plays the same role as the cosmological constant A. 

The effective equation of state and the fractional Hubble parameter E = H/Hq are therefore 
given by 

^eff = -i + A(l + .)3' (17) 

E\z)=nrn{l + zf + (18) 

Q k 

where z = a^-*^ — 1 is the redshift, A = ^ = ^ — , = ^ is the matter density parameter. 

Thus, at present time {x = 0) acceleration occurs for A < 2 or < 2/3. A model involving 
a pressureless background fluid in normal gauge for Lyra manifold is therefore equivalent to the 
ACDM model if one sets A = j9q. We conclude that this model shows the intrinsic geometrical 
origin of the cosmological constant with Ucc = ^(pi^t — constant displacement vector 

field arises therefore as the origin of the late time accelerated expansion of the universe. 



B. Time-Dependent Vector Field 



The vector field now depending on time interacts mutually with the background fluid p. And 
the effective energy conservation equation can be written as 

'^'^ ' 2,{l + u:,)p-U^ + m\=Q, (19) 



29[ we simply parametrize the interaction 



dx A \dx ^ 

Eq. (jl9p involves two unknown functions p and 9, that means in addition to the Hubble parameter 
we have three unknown functions to be determined with only two independent equations. In what 
follows we construct the cosmological consequences of these equations, under some conditions that 
significantly simplify the search for solutions, but nevertheless show the richness of the cosmological 
dynamics of the present model. We can thus encode the interaction between p and 6 into the 
conservation equations 15|, l29|] 

^+3(l+wtV = 7W, (20) 
+ (21, 

where 7 denotes the phenomenological interaction term^ Owing to the lack of the knowledge of 

micro-origin of the interaction and following other works 
term in the form: 

i = ?>hp + he, (22) 

where both h and b are dimensionless coupling constants, and the factors 3 and 9/2 before h and 
h are for convenience in the following calculations. We emphasize here that 7 does not contain 
explicitly the Hubble parameter because we are using the e-folding number x = Ina. However, 
once we are dealing with the cosmological time t, we instead use 7 = = Tp + T9, where F 
and r characterize the strength of the coupling. Without loss of generality and in order to reduce, 
furthermore, the number of parameters we shall consider in this section a pressureless matter and 
then set cvh = 0. In the following we shall study the cases: i) b ^ and b = 0, ii) b = and 6 7^ 
and iii) 6/0 and 6/0, respectively. 

Case i: 6/0 and 6 = 
Solving ([20]) and (gl]) we find 

= + ^i^e-3(l^^)^ (23) 
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/9 = Cie-=^(i-^)=^, (24) 
3i7^ = Pe// = ^e-3a-^)^ + ^e-«^ (25) 

Pe// = ^e-- - ^e-3M^ (26) 

where Ci and Mi are integration constants. We realize that, with this choice of 7 and for Mi > 0, 
the pressureless fluid energy and the effective energy density are always positive and monotonically 
decreasing for Ci > and — 1 < 6 < 1 during the evolution of the universe. Meanwhile the 
effective pressure could be either positive in early times (the pressureless matter dominates over 
the displacement field) or negative at the present stage (vector field dominance epoch). We can 
now evaluate the dynamically varying effective equation 

1 _ l)^g3il+b)x 

^^ff = i + ^e3(i+f)- ' ^^^^ 
where ^ = ^j^^i^i,-^ is a positive dimensionless constant for 6 > —1. Assuming a monotonically 
decreasing effective energy density and positive ^, the coupling constant b needs to range in the 
region — 1 < 6 < 1. The effective equation of state then lies in the range <^^ff = —b < oj^ff < 
0J~ff = 1. At the present stage we have 

l + b 
1 + 



^e// = -^+7^' (28) 



4 1.9 
which is less than uoacc = —1/3 for ^ > — — -. For example, uj^ff = —0.9 if ^ = - — — -. 

60 — 1 — 0.9 

Case ii: 6 = and b ^ 

In this case the different quantities, previously considered, become 

= M2e-^(^-^)^, (29) 

2(26-1) 

SH^ = p^ff = C,e-'^ + (31) 

Peff = -^e-^(-^)^ (32) 

where C2 and M2 are integration constants. For 6 > 1/2 both effective energy and pressureless 
background energy densities are positive-defined. The former is the sum of two terms: CDM and a 
dynamically variable quantity, A(x), that could be thought of as a variable cosmological-type term 
associated with the vector field: 

A(^) = ^^e-6(i-6). ^ith ^1 = i% > 0. (33) 
26-1 4/^2 



For 6 < 1 the cosmological term is large during the early stages of the universe and has decayed 
to its low value at present, explaining readily the fine-tuning and coincidence puzzles (see fig. ([I]) 
where we plot both the pressureless energy density p and the cosmological term A). On the other 
hand, the pressureless background fluid is also a sum of two terms, corresponding to CDM energy 
and an energy, Pgeo- gained-, geometrically gained as the universe evolves, that is. 



P — PcuM + Pgeo— gained J 



(34) 



where 



Pgeo— gained 



is proportional to the cosmological term A(x) 



26-1 





(35) 



-3.0 -2.5 -2.0 -1.5 -1.0 -0.5 



Figure 1: Evolution of p/3Hq (dash-dotted curve) and A/3Hq (solid curve) versus the e- folding number x 
for zui = 0.3 and b = 0.7. In early times the cosmological term was negligible, compared to the pressureless 
energy density, while at the present stage they are of the same order. Hence, this model seems to solve both 
the fine-tuning and the coincidence problems. 



Since the effective pressure is the sum of the CDM pressure, Pcuu = and that of the variable 
cosmological term A(x), from ()32p and (j33p one can determine the equation of state for the variable 
cosmological term: 
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or 



WA = 1 - 26, (36) 

which, for h ^ 1, is different from the equation of state of the usual cosmological constant Wcc = — 1- 
For example, for h = 0.9, uj\ = —0.8, and for b = 0.99, uj\ = —0.98. However, the choice 6 > 1 



24 
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621 ] ■ and the 



will lead to dark energy behaving as phantom, i.e., ua being less than —1 
variable cosmological term will increase exponentially from at x — )• —oo to +oo at x + oo. The 
ratio of the effective pressure over the effective energy density furnishes the effective equation of 
state in the form 

""^^ = l-u.A/oe3-A-' 

where 

4C2 



/o 



3M2 
1 1 

— + — (38) 



is supposed to be a positive constant, unlike uj\ which is always assumed negative. One thus has 

a;;~ = 0, u°^fj = -zui, 0;+^ = cja. (39) 

As we have pointed out, a positive /o implies ^'^ff < ^eff- Hence, wi > 1/3 can drive an 
accelerated expansion. For example, taking zui as the present fractional density of dark energy, 



Case in: 6 7^ and b 

Combining (120p and ()2ip and after some algebra it is shown that the effective energy density pef / , 
the background fluid energy p and the displacement field 9 satisfy the same ordinary differential 
equation of second order under the form 

^ + 3(3-6-26)^ + 18(l-6-6)g = 0, (40) 
dx^ ax 

where Q £ {p; 6; Peff}- We will now consider some special cases where b is explicitly related to b. 
A/ 6=1 — 6 (6 / I or 6/0), one then obtains 

Pe//(x) = A^i + J^e-3(l+'')^ (41) 
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and the effective equation of state in this case takes for 6 > — 1 the values Wg^^ — f, ^^jf 



and ^^ff = = — Ij where w = N2/3Hq. Acceleration thus occurs if < 2/3. 



+ 



B/ b 



3-6 



7^ 3 or 6 7^ ), peff{x) takes the form 



(42) 



A^'a and being constants and b > —1. For monotonically decreasing Pf,ff{x) as suggested 
observations we will set = 0, hence the effective equation of state is a constant, given by 
oJeff = — 1 + + b, which is less than Uacc = —1/3 and greater than Wcc = —1 for —1 < b < —5/9. 



On the other hand, considering a nonzero but setting instead 
effective energy density transforms according to 



Peff{x) = r cosh (3VT+~6 



X 



N4 = r/2, the 



(43) 



and 



;// = -1 - Vl + 6tanh (sVlTb x^ . 



(44) 



The effective equation of state We// (BH) varies from = — 1 + \/l + b, crosses loqc = — 1 at 

X = and tends to ^^ff = — 1 — VT+~6. That thus leads to quintom dark energy with the 
equation of state crossing the cosmological constant boundary ojcc = — 1 



3 h 

C / Now, considering the cases where b ^ 1 — b and b 7^ — - — the general solution is given by 



Q{x) = Qi exp 



3-6-26 + VCx 



+ Qi exp 



3-6-26- VC X 



(45) 



where Qi E | Pi ; ^1 ; Pgj j | and Qi G | pi ; ^'i ; ^ | are integration constants, and 

( = (3-6-26)2-8(1-6-6). 
The effective energy density reads then: 
3H^ = peff = Q2exp 
+Q2 exp 



(46) 



(3-6-26 + VC)x 



3-6-26- VC hr 



(47a) 
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(47b) 

where 

3 ~ 3 ~ 

Q2 = plff = pi - ^Oi, Q2 = plfj = pi- -01, (47c) 

When C = 0or6-|- = — lit 2\/26 — 26, and looking only for solutions leading to an accelerated 
expansion (which corresponds here to the value 6+ = — 1 + 2\/2b — 26 ), pe// and Wg// become 

Peff = [Q2 + Q2)e y ) and Wg// = 1 - V26. (48) 

Pejj decreases for x < and acceleration then occurs if 8/9 < 6 < 2. On the other hand, /f3e// 
reduces to the cosmological constant with We// = Wcc = — 1 for 6 = 2. 



Now, taking 7^ and assuming furthermore a monotonically decreasing effective density 
during the evolution of the universe the coupling 6 and 6 have to satisfy one of the following 
constraints: 



ai) 6 < =^ 6 < 1 - 6, 

02) < 6 < 2 ^ 6 < -1 - 2\/26- 26 

or - 1 + 2\f2h - 26 < 6 < 1 - 6, 

03) 6 > 2 ^ 6 < -1 - 2^2!- 26, 



(49) 



where we considered both positive and negative values for 6 and 6, and assumed that the integrations 
constants Q\ and Q\ are all nonzero and positive. The effective equation of state may be written 

as 



^e//(x) = - 



1 - 6 - 26 + - 



1 + xe^v^^ 



with X 



W2 



1 - W2 
,0 



and W2 



Q2 
3Hl 



Taking b = b = 1/3 we obtain 



VS/3, 



(50) 



-V3/3 < 



-1/3 and = (1 - 2w2)V3/3 which is less than -1/3 if tU2 > 1/2 + V2/6 ^ 0.78. The Figure 
([2]) shows the plot of ojeff in (fSOj) versus x for different values of (6, 6, x): b = 1/3, b = 1/3, x = 9 
(dashed curve, Wg// ~ —0.46); 6 = 0.66, 6 = 1/3, x = 4 (dash-dotted curve, ujeff ~ —0.66) and 
6 = 0.66, 6 = 1/3, x = 9 (solid curve, Ueff ~ —0.83), and the dotted line represents ujacc = —1/3. 



Notice that in the special case where Q2 = Q2 = -, Eq. (|47ap becomes 



Peff = gcosh ( ) exp 



3 - 6 - 26 X 



(51) 
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which decreases monotonicany when a; < 0. 



C. Concluding Remarks 

We have constructed, in normal gauge for a four-dimensional Lyra manifold, a dark energy 
model containing only the standard matter that interacts with the vector field </>^. Assuming 
a constant displacement vector field, the model mimics the ACDM model, indicating that the 
constant displacement field, considered as an energy component of the total energy, plays the role 
of a cosmological constant with cjcc = '^</)i„t ~ Introduced in general relativity in an ad hoc 
fashion, the cosmological constant arises in Lyra's geometry as a result of the presence of a vector 
field in the affine structure and has then an intrinsic geometrical significance. On the other hand, 
considering a time-dependent displacement vector field mutually interacting with the pressureless 



12 



matter and without an alien energy component with a negative pressure, we have alleviated the 
fine-tuning and coincidence puzzles and shown that the universe could recently enter an accelerating 
phase, with even an equation of state crossing the cosmological constant boundary Wqc = — 1- In 
fact, the geometrical contribution to the effective energy density, resulting from the modification 
of the Riemann manifold is endowed with a negative pressure that counteracts the gravitational 
forces prodTiccd by the ordinary matter and therefore favours the acceleration of the universe. In 
contrast to several models that consider an alien energy component in the universe, this work 
ensures that dark energy responsible for the late time acceleration of the universe has an intrinsic 
geometrical origin. 
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